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ABSTRACT.  The concept of control by feedback linearization is 

extended to underactuated spacecrafts, by singularly perturbing the 

nonrealizable linear system resulting from the feedback linearizing 

transformation, and by utilizing the control coefficient pseudoinverse 

design methodology that has been recently developed. The 

underactuated Euler’s system of dynamical equations for the 

spacecraft is partitioned into actuated and unactuated subsystems, and 

a function of the angular velocities about the unactuated body axes is 

used to prescribe a desired second-order dynamics for the unactuated 

subsystem. The evaluation of this dynamics along the trajectories 

defined by the underactuated Euler’s dynamical equations results in a 

relation that is pointwise-linear in the control variables, and a 

condition is derived based on this relation to assess the realizability of 

the desired unactuated dynamics by checking the rank of the involved 

control coefficient Jacobian. The control variables are solved by 

utilizing the Moore-Penrose pseudoinverse of the control coefficient, 

resulting in a control law that is composed of particular and auxiliary 

parts. The particular part works to realize the desired linear 

unactuated dynamics, and the pseudo-control vector in the auxiliary 

part is chosen to yield a singularly perturbed feedback linearization 

for the actuated subsystem. The singularity avoidance problem that is 

related to using the control coefficient pseudoinverse is solved by 

modifying the pseudoinverse definition in the vicinity of the 

singularity, and the large control effort reduction problem is solved 

by deactivating the particular part of the control law whenever the 

angular velocities about the actuated axes become high. The control 

law yields a global asymptotic stability of the origin for the closed 

loop system when the spacecraft is equipped with two independent 

gas jet actuators. We show that perturbed feedback linearization is not 

applicable when the degree of actuation is one.   

 

KEY WORDS: perturbed feedback linearization, pseudoinverse 

control, null space parametrization, underactuated dynamics. 
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1. Introduction 

The controllability of underactuated spacecrafts under different degrees 
and types of actuation was investigated in the seminal article by Crouch 
[1], and has continued to gain interest in the past two decades. The 
cascaded nature of Euler’s model for angular motion allows one to divide 
the problem of spacecraft control into two parts. The first part, the focus 
of this article, deals with the dynamics of the spacecraft and aims at 
stabilizing its angular velocity components. The second part deals with 
the kinematics of the spacecraft and aims at driving its attitude variables 
to their desired values. An extensive survey of the corresponding results 
for underactuated spacecrafts is found in Ref. [2].  
 

The underlying feature of underactuated dynamics is that it is not 
controllable by feedback linearization [3]. Some extensions have been 
made to feedback linearization in order to adopt underactuated systems. 
Examples are partial [4, 5] and non-regular [6] feedback linearizations. 
However, researchers have appealed to alternative methodologies to 
control underactuated spacecraft dynamics. Among the explored are 
those based on differential geometric concepts [7, 8], Lyapanov [9, 10], 
and energy [11] methods. The purpose of this article is to show that 
feedback linearization can be modified to adopt underactuated spacecraft 
dynamics by singularly perturbing the non-realizable linear dynamics 
obtained from the linearizing transformation. The primary tool is the 
control coefficient pseudoinverse and the control coefficient null-space 
parameterization of redundancy in the control authority, first introduced 
to control system design in Ref. [12]. 

  
The Moore-Penrose pseudoinverse has been utilized extensively 

in several engineering disciplines for the purpose of expressing 
nonuniqueness of solutions to problems where the requirements can be 
satisfied in more than one course of action, thanks to the capability of the 
null-space parameterization associated with it in analyzing redundancy. 

In particular, it has been used in the arena of robotics to model redundant 
manipulators, and to provide solutions to the accompanied redundancy 
resolution problems. 
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Nevertheless, the common factor between all applications of this 
magnificent tool is that the dynamical systems are overactuated, i.e., the 
numbers of independent control elements are more than the numbers of 
degrees of freedom to be controlled. In this work, we illustrate that the 
Moore-Penrose pseudoinverse can be used to solve the opposite problem, 
i.e., as a means of controlling underactuated systems, where the numbers 
of degrees of freedom to be controlled exceed the numbers of 
independent control variables. This is motivated by the fact that the 
redundancy in control systems is ultimately in the control process itself. 
That is, if a dynamical system is controllable then there exists no unique 
strategy to control it, regardless of its degree of actuation. This also 
suggests to parameterize the redundancy in terms of the control variables, 
rather than in terms of velocities and accelerations, as illustrated in 
Ref. [13] for the case of fully-actuated spacecrafts.  
 

The pseudoinverse-based control law at any time instant consists 
of auxiliary and particular parts, residing in the null space of the control 
coefficient and the range space of its pseudoinverse, respectively. The 
choice of the free vector in the auxiliary part of the solution is crucial. 
Although projected into the control coefficient null space, and hence does 
not affect the linearized dynamics, the choice of the free vector 
substantially affects the transient and asymptotic behaviors of the 
spacecraft state and control variables. Particular choices of the free 
vectors in the auxiliary parts (named the pseudo-control vectors) have 
been made in Ref. [13] to stabilize the internal dynamics of the 
spacecraft, benefiting from the pointwise-linear structure provided by the 
pseudoinverse-based control scheme, and resulting in spacecraft attitude 
stabilization and tracking control laws. The singularity avoidance 
problem associated with employing the pseudoinverse is solved by 
thresholding the Euclidean norm of the control coefficient whenever the 
singularity is approached.  
 

In this work, we extend the above-mentioned methodology to the 
problem of underactuated spacecraft stabilization. We begin by splitting 

the underactuated Euler’s system of equations into actuated and 
unactuated subsystems, and we provide a condition the satisfaction of 
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which guarantees the capability of the control elements to realize a 

desired linear dynamics of the unactuated subsystem. The control 

coefficient pseudoinverse paradigm is used thereafter to obtain the 

control variables, and the challenging problem of choosing the pseudo-

control vector is solved, resulting in a perturbed feedback linearization of 

the actuated subsystem, and in a global asymptotic stability of the closed 

loop underactuated spacecraft dynamics. Finally, the limitation of the 

methodology in terms of the number of degrees of actuation is discussed.  

 

The main contributions in this paper are threefold. First, the 

underactuated spacecraft dynamics is shown to be feedback linearizable 

up to an arbitrarily small singular perturbation of a prescribed linear 

dynamics. Second, the Moore-Penrose pseudoinverse that is traditionally 

used for overactuated control system allocation is used to control 

underactuated systems, and is applied to spacecrafts that are equipped 

with two gas jet pair actuators. Third, the null space parameterization of 

redundancy is utilized to realize desired linear dynamics of underactuated 

control systems, and to provide globally stabilizing feedback control 

solutions.  

 

2. Partitioned Form of Underactuated Euler’s Equations of Motion 

 

The Euler’s model of underactuated spacecraft dynamics is given by the 

system of differential equations  

    ( )Sω ω ω τ= +&          (1) 

where 3 1ω ×∈ℜ  is the vector of angular velocities about the spacecraft’s 

body-fixed axes, is given by  

    1( )S J Jω ω−= %          (2) 

such that 3 3
J

×∈ℜ  contains the spacecraft’s moments of inertia, ω%  is a 

skew symmetric matrix of the form  

    
3 2

3 1

2 1

0

0

0

ω ω
ω ω ω

ω ω

−⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥−⎣ ⎦

%         (3) 



Stabilization of Underactuated Spacecraft Dynamics … 

 

 

39 

and 3 1τ ×∈ℜ  is the scaled control vector. Let d  be the degree of actuation 

of the spacecraft, i.e., the number of independent gas jet pairs. The 

vectors ω  and τ  can be put in the partitioned forms 

      [ ]
T T T

u a
ω ω ω= ,               [ ]

T T T

u
uτ = 0                             (4) 

where (3 ) 1d

u
ω − ×∈ℜ  is the vector of angular velocities about the unactuated 

spacecraft’s body axes, 1d

a
ω ×∈ℜ  is the vector of angular velocities about 

the actuated spacecraft’s body axes, 1d
u

×∈ℜ  is the scaled vector of 

available control torques, and (3 ) 1d− ×∈ℜ0 contains zero elements. The 

matrix ( )S ω is partitioned compatibly as   

11 12

21 22

( ) ( )
( )

( ) ( )

S S
S

S S

ω ω
ω

ω ω
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

         (5)

  

where (3 ) (3 )
11

d d
S

− × −∈ℜ , (3 )
12

d d
S

− ×∈ℜ , (3 )
21

d d
S

× −∈ℜ , and 22
d d

S
×∈ℜ . Hence, 

Euler’s system that is given by Eqs. (1) splits into two coupled 

subsystems. The first one is unactuated, and is given by the equations  

   
11 12
( ) ( )

u u a
S Sω ω ω ω ω= +&         (6) 

and the second one is fully-actuated, and is given by the equations 

   
21 22
( ) ( )a u aS S uω ω ω ω ω= + +&         (7) 

 

 

3. Realizability of Linear Unactuated Spacecraft Dynamics 

 

To set a feedback linearizing transformation for the unactuated 

subsystem, we define a multivariable polynomial (3 ) 1( ) : d

u
φ ω − ×ℜ → ℜ , 

such that (3 ) 1( ) 0
d

φ − × =0 , and we use it to specify the stable linear second-

order dynamics 

1 2
0,c cφ φ φ+ + =&& &      

1 2
, 0.c c >         (8) 

The first two time derivatives of ( )uφ ω  along the solutions of Euler’s 

equations of motion (1), φ&  and φ&& , are given by 

( ),f uLφ φ ω=&            2 ( ) [ ( )]f u f u
a

d
L L u

d
φ φ ω φ ω

ω
= +&&                 (9) 
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where ( )f uL φ ω  and 2 ( )f uL φ ω  are the first and second Lie derivatives [14] 

of ( )uφ ω along ( )f S ω ω= . With φ& andφ&&given by Eqs. (9), it is possible to 

write Eq. (8) in the pointwise-linear form 

    ( ) ( ),A u Bω ω=        (10) 

where 1( ) d
A ω ×∈ℜ  is given by 

    ( ) ( )f u
a

d
A L

d
ω φ ω

ω
=       (11) 

and 1 1( )B ω ×∈ℜ is given by 

   2

1 2
( ) ( ) ( ) ( ).f u f u uB L c L cω φ ω φ ω φ ω= − − −      (12) 

The row vector is the control coefficient relative to φ of the stable 

dynamics, Eq. (8), along spacecraft trajectories, and the scalar ( )B ω  is 

the corresponding control load. 

 

Definition 1. The dynamics given by Eq. (8) is said to be realizable by 

the underactuated Euler’s system of equations at some value of ω if there 

exists a control vector u that solves Eq. (10) at that value of ω . If this is 

true for all 3 1

3 1
0

×
×ℜ ≠ , then the dynamics given by Eq. (8) is said to be 

globally realizable by the underactuated Euler’s system of equations. 

 

Proposition 1. If the dynamics given by Eq. (8) is globally realizable by 

the underactuated Euler’s system of equations, then 

    
1 3 1

( ) 0 0dA ω ω× ×= ⇔ =       (13) 

Proof.  The existence of a vector u that solves Eq. (10) at a specific value 

of ω  is equivalent to the fact that B  is in the range space of A  at that 

value of ω . This is possible for all values of B , provided that not all 

elements of A  vanish at that value of ω , for which the equation is said to 

be consistent. Therefore, the existence of 
3 1

0ω ×≠  such that A  vanishes 

implies that the dynamics given by Eq. (8) is not realizable at that value 

of ω , which violates the global realizability of the dynamics given by Eq. 

(8), proving sufficiency. Necessity follows from the fact that the elements 

of A  are multivariable polynomials in the components of ω  with no 

constant terms. Hence, the evaluation of 
3 1

0ω ×=  yields 
1

( ) 0
d

A ω ×= .                                                     
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Definition 2. The zero actuated state Jacobian of the control coefficient 

is defined as the square matrix resulting from differentiating the control 

coefficient with respect to 
a

ω , evaluated at 
1

0
a d

ω ×=  

    

1

( )

a d

a u

a

A
J

ω

ω
ω

×=

⎡ ⎤∂= ⎢ ⎥∂⎣ ⎦ 0

      (14) 

The following is a necessary and sufficient condition for global 

realizability of the unactuated linear dynamics given by Eq. (8), based on 

the rank of the zero actuated state Jacobian of the control coefficient. 

 

Proposition 2. The unactuated dynamics given by Eq. (8) is globally 

realizable by the underactuated Euler’s system of equations if and only if 

det 0
a

J ≠⎡ ⎤⎣ ⎦     
3 1u d

ω − ×∀ ≠ ( )0       (15) 

Proof. Taking the derivative of Eq. (10) with respect to 
a

ω  and 

evaluating the resulting equation at 
1

0
a d

ω ×=  gives 

    

1a d

a

a

B
J u

ωω
×=

⎡ ⎤∂= ⎢ ⎥∂⎣ ⎦ 0

      (16) 

The invertibility of the zero actuated state Jacobian of the control 

coefficient implies that a control law u  can be constructed for global 

realizability of Eq. (8) as 

    

1

1

a d

a

a

B
u J

ωω
×

−

=

⎡ ⎤∂= ⎢ ⎥∂⎣ ⎦ 0

      (17) 

which proves necessity. Now consider the nonlinear time varying system 

given by the equations 

    ( )T
z A z=&        (18) 

where [ ]
T T

u a
z z z=   , (3 ) 1d

u
z

− ×∈ℜ , and 1d

a
z

×∈ℜ . From proposition 1, the 

global realizability of the unactuated dynamics, Eq. (8), implies that the 

origin 
1a d

z ×= 0  is the unique equilibrium point of the system (18) at 

(3 ) 1u d
z − ×= 0 . Furthermore, since T

A  is a smooth vector field, it follows 

from Milnor theorem [3] that it is also a global diffeomorphism on 3ℜ , 

which implies that it has continuous partial derivatives and an invertible 

zero actuated state Jacobian.                                                                                                       
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Theorem 1 (Null Space Parameterization of Realized Dynamics). If 

the linear unactuated dynamics given by Eq.(8) along the underactuated 

Euler’s system given by Eqs. (1) has a nonsingular zero actuated state 

Jacobian ( )
u

J ω  of the control coefficient ( )A ω  for all (3 ) 1u d
ω − ×≠ 0 , then 

the family of all controllers that realize the unactuated dynamics by the 

underactuated Euler’s equations of motion are given by 

   ( ) ( ) ( )u A B P yω ω ω+= +        (19) 

where “ A
+ ” stands for the Moore-Penrose pseudoinverse of the control 

coefficient, and is given by 

   
1

( )
( ) , ( )

( ) ( )

T

dT

A
A A

A A

ωω ω
ω ω

+
×=    ≠ 0      (20) 

and ( ) d d
P ω ×∈ℜ  is the corresponding null space projection matrix 

   ( ) ( ) ( )
d d

P I A Aω ω ω+
×= −       (21) 

and 1d
y

×∈ℜ  is an arbitrarily chosen pseudo-control vector. 

Proof. From proposition 1, global realizability of the unactuated linear 

dynamics, Eq. (8), by the underactuated system of Euler’s equations 

implies that 1 (3 ) 1( )
d u d

A ω ω× − ×≠   ∀ ≠0 0 , at which infinite number of 

solutions for the pointwise linear relation (9) exist, and are linearly 

parameterizable by the pseudo-control vector y  according to Eq.(19) 

[15,16].                                                                           

 

The expression (19) for u  is composed of particular and auxiliary 

solutions that reside in two orthogonal subspaces. The particular solution 

( ) ( )A Bω ω+  resides in the range space of ( )A ω+ , and the auxiliary solution 

( )P yω  resides in the null space of ( )A ω , where the free pseudo-control 

vector y  is projected to this space by means of the projection operator 

( )P ω .  

 

The choice of the pseudo-control vector y  does not affect 

realizability of the linear unactuated dynamics given by Eq. (6). 

Nevertheless, the choice of y  substantially affects stability of the 

actuated subsystem given by Eq. (7). In what follows, a choice of the 

pseudo-control vector y  is made to design a control coefficient 
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pseudoinverse-based law, yielding a global singularly perturbed feedback 

linearization of the spacecraft’s actuated subsystem, a global realization 

of the desired linear unactuated spacecraft dynamics, and a global 

asymptotic stability of the closed loop underactuated Euler’s dynamics. 

 

 

4. Perturbed Feedback Linearizing Control 

 

A fundamental property of projection matrix ( )P ω  is that it is rank 

deficient. To disencumber its rank deficiency, we define the perturbed 

pseudoinverse of the control coefficient A  as [13] 

    
1

( ) ( )
1

A Aω ω
δ

+ +=
+

%       (22) 

where δ  is a nonzero scalar. The perturbed null space projection matrix 

( )P ω%  is defined in terms of ( )A ω+
% as 

    ( ) ( ) ( )
d d

P I A Aω ω ω+
×= − %%      (23) 

which is of full rank [13]. The concept of perturbed null space projection 

matrix is crucial in the subsequent derivations of perturbed feedback 

linearizing control laws. 

 

Theorem 2 (Singularly Perturbed Feedback Linearization). Let ( )A ω  

be the control coefficient of the desired linear unactuated dynamics, Eq. 

(8), relative to ( )
u

φ ω  along the underactuated Euler’s equations of 

motion, Eqs. (1), and let ( )B ω  be the corresponding control load. Also, 

let ( )P ω  be the projection matrix to the null space of the control 

coefficient ( )A ω , given by Eq. (21). If ( )
u

φ ω  is chosen such that 

    (3 ) 1det[ ( )] 0
a u d

J ω ω − ×≠    ∀ ≠ 0      (24) 

then for any strictly stable d d
K

×∈ℜ  and any perturbation 0δ > , the 

control law 

    ( ) ( ) ( )u A B P yω ω ω+= +       (25) 

yields global asymptotic stability of the origin for the underactuated 

Euler’s system given by Eqs. (1), where 

    
21 22
( ) ( )

a u a
y K S Sω ω ω ω ω= − −      (26) 

Proof. Consider the control law 
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    ( ) ( ) ( )u A B Pω ω ω η+= + %       (27) 

obtained by replacing ( )P ω  by ( )P ω%  in the control law (25), where ( )P ω%  

is the perturbed projection matrix to the null space of the control 

coefficient ( )A ω , given by Eq. (23), and 

  1

21 22
( )[ ( ) ( ) ( )].

u a a
P S S K A Bη ω ω ω ω ω ω ω− += − + − +%     (28) 

Applying the feedback linearizing control law given by Eq. (27) in the 

actuated subsystem given by Eq. (7) yields the asymptotically stable 

closed loop actuated subsystem 

    .

a a
Kω ω=&        (29) 

Nevertheless, the continuity of the eigenvalues of K  implies that if the 

magnitude of δ  is small enough then the control law given by 

    ( ) ( ) ( )u A B Pω ω ω η+= +       (30) 

yields asymptotically stable closed loop actuated subsystem also. 

Satisfying the condition (24) by ( )
u

φ ω  implies that applying the control 

law given by Eq. (30) yields exact tracking of the unactuated dynamics 

given by Eq. (8). Since the particular part of the control law ( ) ( )A Bω ω+  

resides in the range space of ( )A ω+ , the last term of the pseudo-control 

vector η  given by 1( ) ( ) ( )h P A Bω ω ω− += − %  also resides in the range space of 

( )A ω+ . Therefore, h  is orthogonal to the null space of ( )A ω , i.e., 

   1( ) ( ) ( ) ( ) ( )P h P P A Bω ω ω ω ω− += − = 0%      (31) 

and the expression (30) for u  becomes 

 1

21 22
( ) ( ) ( ) ( )[ ( ) ( ) ].

u a a
u A B P P S S Kω ω ω ω ω ω ω ω ω+ −= − + −%      (32) 

With the feedback control law given by Eq. (32), the closed loop actuated 

subsystem becomes 

 
1

21 22 21 22
( ) ( ) ( ) ( ) ( ) ( )[ ( ) ( ) ].

a u a u a a
S S A B P P S S Kω ω ω ω ω ω ω ω ω ω ω ω ω ω+ −= + + − + −%

&

            (33) 

Nevertheless, the expression 1( ) ( )P Pω ω−
% can be expanded as 

1 1

0

1 1
( ) ( ) [ ][ ] [ ]

1 1

i

d d d d d d

i

P P I A A I A A I A A A Aω ω
δ δ

∞
− + + − + +

× × ×
=

⎛ ⎞= − − = − ⎜ ⎟+ +⎝ ⎠
∑%  

( )
1

1
[ ]

1

i
i

d d d d

i

I A A I A A
δ

∞
+ +

× ×
=

⎡ ⎤⎛ ⎞= − +⎢ ⎥⎜ ⎟+⎝ ⎠⎢ ⎥⎣ ⎦
∑

1

1
[ ]

1

i

d d d d

i

I A A I A A
δ

∞
+ +

× ×
=

⎡ ⎤⎛ ⎞= − +⎢ ⎥⎜ ⎟+⎝ ⎠⎢ ⎥⎣ ⎦
∑  



Stabilization of Underactuated Spacecraft Dynamics … 

 

 

45 

 

1

1
[ ] [ ]

1

i

d d

i

I A A A A A AA A
δ

∞
+ + + +

×
=

⎛ ⎞= − + − ⎜ ⎟+⎝ ⎠
∑

1

1
[ ] [ ]

1

i

d d

i

I A A A A A A
δ

∞
+ + +

×
=

⎛ ⎞= − + − ⎜ ⎟+⎝ ⎠
∑  

                                                    [ ] ( )
d d
I A A P ω+

×= − =                (34) 

Therefore, the expression (33) for 
a

ω&  can be written as 

 
1

21 22 21 22
( ) ( ) ( ) ( ) ( ) ( )[ ( ) ( ) ],

a u a a u a
S S A B P P K S Sω ω ω ω ω ω ω ω ω ω ω ω ω ω+ −= + + + − −%

&

            (35) 

which is obtained by using the expression (26) for y  in the control law 

given by Eq. (25), and applying it to the actuated subsystem given by Eq. 

(7).                                                                                                        

 

Remark The resulting closed loop system is singularly perturbed from 

the non-realizable linear system 

   
1 2

0,
a a

c c Kφ φ φ ω ω+ + =    =&& &

&       (36) 

obtained by replacing ( )P ω  by ( )P ω%  in the control law (25). 

 

 

5. Singularity Avoidance and Control Effort Reduction 

 

According to proposition 1, the control coefficient A  must 

become singular when the components of the spacecraft angular velocity 

vector vanish, which implies from Eq. (20) that the control coefficient 

pseudoinverse A+  must go unbounded as the spacecraft detumbles. This 

problematic phenomenon is well known in the pseudoinverse 

applications when the elements of A  are functions of the motion 

variables, and several remedies are given in the pseudoinverse literature. 

In the current context, the control coefficient singularity is a source of 

instability for the closed loop system because it causes the vector field 

given by Eq. (35) to become unbounded. To limit the growth of the 

control coefficient pseudoinverse, it is proposed in Ref. 13 for the case of 
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fully-actuated spacecraft control to modify the definition of the 

pseudoinverse given by Eq. (20) to be 

   

( )
: ( ) ( )

( ) ( )
( )

( )
: ( ) ( )

T

T

T

m
T

T

A
A A

A A
A

A
A A

ω ω ω β
ω ωω

ω ω ω β
β

+

⎧
  >⎪

⎪=  ⎨
⎪            ≤⎪
⎩

     (37) 

where β  is a small positive scalar. The same method for singularity 

avoidance is adopted in this paper for the case of underactuated 

spacecraft control. Another problem that is related to pseudoinverse 

control is the large control effort needed when the magnitude of the 

control load ( )B ω  is large. This causes the particular part of the control 

law and the angular velocities about the actuated axes to go unacceptably 

high before detumbling. For this reason, we propose to modify the 

control law (25) such that to deactivate the particular part whenever the 

Euclidean norm of 
a

ω  becomes large compared to the Euclidean norm of 

u
ω  according to the relation 

   ( )u
step ( )

m a
u A B P yω ε ω ω+=  − +      (38) 

where ε  is a small positive number, and the step  function is defined as 

    
1 : x > 0

step( )=
0 : x < 0

x

    ⎧
⎨
⎩

      (39) 

This modification implies that the portion of the control law that drives 

the desired unactuated dynamics is disabled whenever the magnitudes of 

the angular velocities about the actuated axes become high relative to 

those about the unactuated axes. 

 

Remark Thresholding the control coefficient pseudoinverse according to 

Eq. (37) implies that the desired unactuated dynamics that is given by Eq. 

(8) is realized only when ( ) ( )T
A Aω ω β≥ where the true definition of the 

pseudoinverse applies. However, the angular velocity components about 

the unactuated axes can be brought arbitrarily close to the origin 

according to Eq. (8) by reducing the value of β .      

 

Remark Deactivating the particular part of the control law according to 

the relative magnitudes of 
u

ω and 
a

ω implies that the control law given by 
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Eq. (38) can become discontinuous, depending on the initial condition of 

ω , which results in nonsmooth trajectories of the spacecraft angular 

velocity components. 

 

 

6. Perturbed Feedback Linearizability Based on the Degree of 

Actuation 

 

Case 1: Spacecraft with Two Degrees of Actuation (d=2) 

The spacecraft is stabilizable with the two actuators mounted along two 

principal axes, with no symmetry about the unactuated body axis [7]. The 

unactuated body axis is the one about which the spacecraft angular 

velocity component is
1

ω . Since the control coefficient is a single raw 

matrix, the range space of its pseudoinverse has the dimension one. 

Hence, the null space of the control coefficient A has the dimension 

1 1d − = , and the pseudo-control vector y  can be chosen according to Eq. 

(26) for perturbed feedback linearization of the actuated dynamics. 

 

Case 2: Spacecraft with One Degree of Actuation (d=1) 

The spacecraft is stabilizable with one actuator not mounted on a 

principal axis,9 with the possibility of inertial symmetry [10]. The 

unactuated body axes are the ones about which the spacecraft angular 

velocity components are 
1

ω  and 
2

ω . The range space of the control 

coefficient is a scalar in this case, and the null space projection matrix 

given by Eq. (21) becomes 

    
( )

( ) 1 0
( )

A
P

A

ωω
ω

= − =       (40) 

which implies that the null space of the control Jacobin A  has the 

dimension zero, and that the auxiliary part of the control law (25) 

vanishes. Hence, the pseudo-control vector  y  cannot be constructed for 

perturbed feedback linearization of the actuated dynamics. 

 

Control System Design Procedure 

The procedure of control system design for singularly perturbed feedback 

linearization of underactuated spacecraft dynamics is summarized in the 

following steps: 
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1. The function 
1

( )φ ω  is chosen such that 

              (a) (0) 0φ = . 

              (b) The control coefficient ( )A ω  given by Eq.(11) has actuated 

state Jacobian 

    

2 1

1
( )

a

a

a

A
J

ω

ω
ω

×=

⎡ ⎤∂= ⎢ ⎥∂⎣ ⎦ 0

      (41) 

that is nonsingular for all 
1

0ω ≠ . 

2. The coefficients 
1
c  and 

2
c  in the desired linear dynamics given by Eq. 

(8) are chosen such that φ  is stable. This implies that both 
1
c  and 

2
c  are 

strictly positive. 

3. The control law is given by Eq. (38), where 
m

A
+  is given by Eq. (37), 

( )B ω  is given by Eq. (12), and ( )P ω  is given by Eq.(21). The pseudo-

control vector y  is given by Eq. (26), where 2 2
K

×∈ℜ   is a strictly stable 

matrix, 
1u

ω ω= , 
3

[ ]
T

a
ω ω ω=

2
, 2 1

21
S

×∈ℜ , and 2 2

22
S

×∈ℜ  are partitions of 

the matrix ( )S ω  given by Eq. (5). 

 

 

7. Numerical Simulations 

 

The control coefficient ( )A ω  relative to 2

1
( )

u
φ ω ω= is 

  22 33 22 33

1 3 1 2

11 11

2( ) 2( )
( )

I I I I
A

I I
ω ω ω ω ω

⎡ ⎤− −
= ⎢ ⎥
⎣ ⎦

      (42) 

and its zero actuated state Jacobian is 

 
2

3

22 33

1

111 22 33

0 12 3

0 11

0 2( )
( ) ( )

( ) 2( )

0

T T

a

I I
A A

IJ I I

I
ω
ω

ωω ωω
ωω ω =

=

−⎡ ⎤
⎡ ⎤∂ ∂ ⎢ ⎥= = −⎢ ⎥ ⎢ ⎥∂ ∂⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦

     (43) 

which is nonsingular for all 
1

0ω ≠ , implying that Eq. (8) is globally 

realizable by the underactuated Euler’s equations. For a spacecraft with 

three principal moments of inertia ( in 2Kg -m ) 
11 22 33

10, 6.3, 8.5,I I I=  =  =  

Figs. (1) and (2) show the resulting angular velocities about the three 

principal axes and the required control variables, where the matrix K  is 
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taken to be diagonal with elements 0.1 and 0.2,  
1

2,c =  
2

1,c =  9
10 ,β −= and 

710ε −= . 

 
FIG. 1. Angular velocities about the three principal axes 

 

 
FIG. 2. Scaled control torques about the two actuated axes 
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8. Conclusions and Future Work 

 

The control coefficient pseudoinverse design methodology is applied to 

the problem of underactuated spacecraft stabilization, resulting in 

feedback control systems that are linear in the angular velocity about the 

unactuated axis and singularly perturbly linear in the angular velocities 

about the actuated axes, and in closed loop trajectories that are globally 

asymptotically stable. Nevertheless, numerical issues that are related to 

the particular part of the control law arise, and the control law is modified 

accordingly, including thresholding the pseudoinverse whenever the 

singularity is approached, and deactivating the particular part of the 

control law when the angular velocities of the spacecraft about the 

actuated axes become large. Optimizing the control law performance for 

these issues and extending the methodology to underactuated spacecraft 

attitude control are ongoing research efforts by the author. 
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