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ABSTRACT.  Fully-developed plastic stress fields around sharp 
wedge-shaped notches of perfectly-plastic pressure-sensitive 
materials are investigated for plane-stress case and symmetric 
tensile loading conditions.  The pressure-sensitive yielding behavior 
of the material is represented by the Drucker-Prager yield criterion. 
Using equilibrium equations, boundary conditions, and the yield 
criterion, closed-form expressions for stress fields are derived.  The 
analysis covers the gradual change in the notch angle starting from 
the limiting case of a pure horizontal crack, the solution of which is 
compared with published literature.  Effects of notch geometry and 
pressure sensitivity on stress fields are examined by considering 
different specimen geometries, as well as different levels of pressure 
sensitivity.  Results indicate that while stress values directly ahead 
of the notch-tip are not affected, the extent of stress sector at notch 
front is reduced, thereby causing increase in the radial stress value 
around the notch.  As the pressure sensitivity increases the reduction 
of the stress sector directly ahead of the notch tip is more evident.  
Also, for high pressure sensitivity values, introduction of the notch 
angle reduces the variation of the stress levels.  Results obtained 
from the analysis are useful for design of structural components.  
   
 
KEYWORDS:  Crack tip, stress fields, notch, plane stress, pressure-

sensitive yielding. 
 

1. Introduction 
 

Dependence of material yield and ultimate strength on the hydrostatic stress 
state, which is known as pressure sensitivity, is evident in many classes of 
engineering materials such as polymers, according to Sternstein and Ongchin, 
[1], Spitzig and Richmond, [2], and Kinloch and Young, [3]; cast irons, and, to 
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a lesser degree, in some steels as reported by Dong et al. [4] and Richmond 
and Spitzig [5], respectively.  Phase transformation in some ceramic materials is 
highly dependent on pressure sensitivity, as reported by Yu and Shetty [6] and 
Chen [7]. 
 

The effect of pressure sensitivity on the yield behavior can be accounted   
for using the simple form of the Drucker-Prager yield criterion.  In this 
criterion, a generalized form of the yield stress is expressed as a function of the 
tensile yield stress and the hydrostatic stress using a pressure sensitivity factor. 
The latter is a material mechanical property dependent on the difference 
between yield stresses in tension and compression.  Experimental investigations 
referenced above, reported different values of pressure sensitivity factor for 
different materials.  The pressure sensitivity factor ranges from quite a low 
value 0.064 for some steels [5] to a modest range of 0.1 ~ 0.25 for polymers [2, 
3] and 0.22 for cast irons [4], to a large value up to 0.93 for zirconia-containing 
phase-transformation ceramics [6, 7].  

 
Crack initiation and growth depend largely on the stress and deformation 

fields around the tip.  Therefore, investigation of stress fields near the tip is 
important to relate the continuum stress analysis to micromechanical failure 
mechanisms.  Rice and Rosengren [8] and Hutchinson [9] developed asymptotic 
crack-tip stress and strain fields for von-Mises materials.  Solutions of crack-tip 
fields for perfectly-plastic and hardening pressure-sensitive materials for the 
plane strain case were developed by Li and Pan [10]; and solutions for the plane 
stress case were presented by Li and Pan [11] and Li [12].  Al-Abduljabbar and 
Pan [13] extended the crack-tip stress fields solution for the plane strain case for 
wedge-shaped sharp and blunted notches and presented the combined effects of 
notch geometry and pressure sensitivity on the stress fields.  It was shown in 
their work that notch geometry has strong effect on stress fields around notch 
tip. 

 
Building on the aforementioned literature on the plane stress case, and 

using a similar approach to the one used for the plane strain case, this work 
aims to determine the solution for notch-tip stress fields for pressure sensitive 
materials under symmetric tensile loading for the plane stress case, to include 
effects of geometry on stress fields.  

 
Material pressure-sensitivity will be represented by the Drucker-Prager 

yield criterion. Starting with equilibrium equations, boundary conditions, and 
the yield criterion, closed-form expressions for stress fields will be derived.  
The analysis will include the gradual change in the notch angle starting from the 
limiting case of a pure horizontal crack, where the notch angle is zero.   This 
case will be considered as the limiting case for the analysis.  Since the results 
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for such case are available in the literature, the results obtained here will be 
compared with published work for pure horizontal crack.   
 

2. Notch-Tip Fields 
 

Consider a sharp notch with a total wedge angle γ2  as shown in Fig. 1, 
where both Cartesian and polar coordinates are centered at the notch tip.  Under 
plane stress conditions, the material is subjected to symmetric tensile loading 
and fully plastic loading is assumed. The general stress distribution can be 
obtained based on the classical analysis of the problem given in [14].  Li [12] 
derived the closed form solution of the centered-fan stress sector around a sharp 
crack for pressure-sensitive materials.  In what follows, a closed-form solution 
for a wedge-shaped notch with the notch angle γ > 0, is developed.  The limiting 
case of γ  = 0 should correspond to the pure horizontal crack solution. 
 

 
Figure 1: A sharp notch with a total wedge angle 2γ , and coordinate systems centered at the 

notch tip. 
 

For pressure-sensitive materials, the yield condition can be expressed as a 

linear function of the effective stress eσ  and the hydrostatic (mean) stress mσ  
using the pressure sensitivity factor µ as follows 

03)~( 0 =−+= σσµσσ mef .             (1) 

In Equation  1, 2/1)( ijije ss=σ , where ijs  are the deviatoric stress components 

defined by ijmijijs δσσ −= .  Here, ijσ  represent stress components and ijδ  is 
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the Kronecker delta.  The summation convention is adopted for repeated 
indices.  The mean stress is defined by the relation 3/kkm σσ = .   

 
In polar coordinates system, the yield criterion for rigid perfectly-plastic 

materials under plane stress conditions takes the form 

 1)(
3

)3( 2/1222 =+++−+ θθθθθθθ σσµσσσσσ rrrrrrr ;   (2) 

where the unbarred stress quantities are normalized by the generalized effective 

stress 0σ .  In what follows, all unbarred stress quantities are normalized in the 
same way.  

 
Equilibrium equations in the polar coordinate system for the plane stress 

condition, where stresses in the out-of-plane directions are zeros, can be written 
as follows 
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As discussed by Rice [15], for perfectly plastic materials, the stress is 

bounded as 0→r ; from which the quantity )( rr ij ∂∂σ  approaches 0.  
Therefore, equilibrium equations reduce to 
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Defining a symmetric tensor P~ , such that ,/ ijij fP σ∂∂= Rice [14] was 

able to reduce the equilibrium equations and the differential form of the yield 
condition into one governing equation for plastic sectors near crack tip as 
follows 
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     (7) 

where Prr is the rr component of the outward normal to the yield surface in the 
stress space. 

 
Based on Hill's solution [16], Equation 7 gives rise to two possible 

solutions of the stress fields for  the fully- developed plastic region around the 
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notch tip. The first solution comes from setting the first item in the right hand 
side of the equation to zero.  This solution dictates uniform Cartesian stress 
components within the region.  The second solution comes from setting the 
second item in the equation, Prr , to zero; which implies that radial lines 
correspond to one of the two families of characteristics of the field.  This gives 
rise to the centered fan sector.    

 
Hutchinson [14] indicated that a possible solution for this case consists of 

three distinctive stress sectors.  With reference to Fig. 2, symmetry around the 
x-axis allows consideration of only one half of the notch.  The region adjacent 
to the free surface, which is denoted in the figure by CS I, is a constant stress 
sector where Cartesian stress components remain constants.  The second region, 
denoted by CS II, is also a constant stress sector, with a discontinuity in the 
radial stress between the two regions.  The third region, which is located 
directly ahead of the notch tip, is a centered fan sector where the radial lines 
represent a family of characteristic lines of the hyperbolic stress equations.  The 
initial and boundary conditions will be utilized to invoke the geometry change 
around the crack tip and obtain expressions for the stress fields. 

 
Figure 2: Assembly of notch-tip sectors near a sharp notch tip. 

 
 
2.1  Constant Stress Sector I 

 
Referring to Fig. 2, the stress-free boundary conditions of the notch surface 
require that 0== θθθ σσ r  at γπθ −= .  Applying the yield condition 
(Equation  2) at this boundary, we obtain an expression for the radial stress: 
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With Cartesian stress components ( xyyyxx σσσ ,, ) constant in this sector, stress 
transformation equations are used to obtain the general form of stress fields in 
the constant stress sector in the polar coordinate system which results the 
following 
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where A, B and C are constants.  Free boundary conditions and Equation  8 are 
used to evaluate stress components at the boundary. The latter are substituted in 
the general form of Equation  9, from which stress fields throughout this sector 
are obtained  
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In Equation  10, β  is a constant related to the pressure sensitivity factor µ by 
the relation  

µ
β

−
=

3
3

. 

 
 

2.2  Constant Stress Sector II 
 
Along the border of the two constant stress sectors, which is represented by the 
angle θB, traction continuity requires the continuity of the angular and shear 
stresses ( θθσ  and θσ r ).  The difference in the radial stress values at the border 
between the two regions, denoted as D (θB), can be obtained using the yield 
condition and the known stress quantities as given by [12]: 
 

==− +− )( Brrrr D θβσσ   
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Substituting the stress values of Equation  10 at θB into Equation  11, 

we obtain the expression for the constant D: 
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The radial stress can then be determined as 
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From continuity requirements of stress components θθσ  and θσ r along 
sectors CS I and CS II, and Equation  13, stress components can be determined 
at the boundary angle Bθ .  Consequently, stress fields within this sector can be 
determined 
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where the constants A and B are  

]2sin2sin[
2

]2cos2cos[
2

γθβ

γθβ

+=

−=

B

B

DB

DA
             (15) 

 
Although the form in Equation  14 looks different, both stress solutions in 

Equations  10 and 14 simplify to those of pure horizontal crack given in [12] 
when the notch angle is set to zero and the case is reduced to a pure crack 
problem.  This serves as a check for the results presented here. 
 
2.3  Centered Fan Sector 
 
The closed form solution for the centered fan sector for plane stress pressure- 
sensitive sharp crack fields was developed elsewhere [12].  Since the effect of 
geometry on this sector is only on the extent of the sector, that is, the value of 
the angle θC ; such solution for the stress fields is sufficient for our problem, and 
it is presented below. 



Abdulhamid Al-Abduljabbar 154 

 [ ]

( )
;sin

43

1

32cos)3(2
43
1

,32cos
)3(

23
43
1

2/12

2/12
2

2/12

2

2

θ
µ

σ

µθµ
µ

σ

µθ
µ

µ
µ

σ

θ

θθ

k

k

k

r

rr

−
=

−−
−

=









−

−
+

−
=

   (16) 
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for ;2/3=µ and 
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for .2/3>µ  
 
 

3. Results 
 
In this section, we present the results of the stress fields obtained from the 
previous section for each region.  The extent of each region and stress 
distributions are presented using pertinent boundary conditions. 

 
3.1  Extent of Sectors 
 
The extent of each sector in the assembly presented is obtained by 
determination of the two border angles θB and θC.  This can be achieved by 
invoking the traction continuity conditions at θC  and matching the angular and 
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shear stresses from the two adjacent sectors.  Hence, Equations  14, 16-18 can 
be used to get two simultaneous equations for angles θB and θC 
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Values from [12] µ  γ  Bθ  Cθ  Bθ  Cθ  
0.00 151.24 79.84 151.24 79.84 
22.50 137.20 68.35 -- -- 0.00 
45.00 123.60 59.36 -- -- 
0.00 151.14 73.03 151.14 73.03 
22.50 136.43 60.55 -- -- 0.20 
45.00 121.93 50.01 -- -- 
0.00 152.16 67.21 152.16 67.21 
22.50 136.84 54.15 -- -- 0.40 
45.00 121.62 42.46 -- -- 
0.00 155.02 59.08 155.02 59.08 
22.50 138.84 45.65 -- -- 0.70 
45.00 122.62 32.65 -- -- 
0.00 159.09 50.68 159.09 50.68 
22.50 142.04 37.32 -- -- 1.00 
45.00 124.80 23.24 -- -- 

 
Table 1: Numerical values for Bθ  and Cθ  for different values of µ  and γ with comparison of the 

results of Li, [12]. 
 

 
The superscript "CF" refers to the centered fan sector where the proper 

form of the stress is used depending on the value of µ . With the constants 
determined by Equation  10, the material pressure sensitivity given and the 
notch angle set, the two angles can be solved for using a simple numerical 
technique.  The result is summarized in Table 1.  It is worthy to mention that 
when we compare the values of θB and θC obtained here for different cases of 
pressure sensitivities and γ = 0, with the results of Li [12] for sharp horizontal 
crack, we find that they match, which validates the solution developed earlier in 
this work. 
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Figure 3: Angular variation of normalized stresses for a sharp notch with  µ  =0.0 for notch angle 

values of γ = 0, π / 8 and π / 4.  
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Considering Table 1, we see that for the case of no pressure sensitivity, µ = 
0, the effect of introducing the notch tends to reduce the angular span of all the 
three sectors in a balanced fashion.  However, this initial effect changes as the 
pressure sensitivity is introduced, at which the balance is shifted into reducing 
more of the centered fan sector and sustaining the extent of the second constant 
stress sector (CS II).   
 

Further increase in pressure sensitivity magnifies these effects on the extent 
of stress sectors.  As seen from the table for higher values of pressure 
sensitivity, the second constant stress sector CS II, which is determined by the 
difference (θB - θC), is almost not changed; while the centered fan sector, 
represented by θC, is reduced to less than half of its original extent. 
 
 
3.2  Notch-tip Stress fields 
 
Figure 3 shows radial and circumferential stress components, normalized by the 

generalized effective stress 0σ , as functions of the angular position near the 
notch-tip for materials without pressure sensitivity (µ  = 0), and for notch angle 
values of γ = 0, π / 8 and π / 4 

 
It can be seen from the figure that the general distribution of stress fields is 

not changed considerably, because there is a balanced reduction in the extent of 
the stress sectors which determine the stress fields.  We also notice a shift in 
locations of extreme values of stresses due to the geometry change which 
introduces the change in boundary conditions.  Due to the reduction in the 
centered fan sector extent, maximum value of σrr increases with increasing 
notch angle. 

 
The variation of the notch-tip stresses for materials with moderate level of 

pressure sensitivity (µ = 0.2 and 0.4), are plotted as functions of the angular 
position ahead of notch tip as shown in Figures 4 and 5, respectively, for notch 
angle values of γ = 0, π / 8 and π / 4.  We see from the two figures that further 
reductions in the centered fan region extent tend to increase the radial stress.  
However, the counter effect resulting from the pressure sensitivity reduces this 
increase in radial stress.  
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Figure 4: Angular variation of normalized stresses for a sharp notch with  µ  =0.2 for notch angle 

values of γ = 0, π / 8 and π / 4.  



Stress Fields for Sharp Notches in Pressure-Sensitive Materials… 159

 
Figure 5: Angular variation of normalized stresses for a sharp notch with  µ  =0.4 for notch angle 

values of γ = 0, π / 8 and π / 4. 
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The same trend is observed in Fig. 6, which shows the angular variation of 
notch tip stresses for the large pressure sensitivity value of µ = 1.0 for notch 
angle values of γ = 0, π / 8 and π / 4.  In addition to previous observations for 
the cases discussed earlier for moderate values of pressure sensitivity, we notice 
a more evident effect which is the smaller variation in the stress range for all 
three stress components.  This is due to the fact that there is a smaller span of 
stress distribution because of the new geometry constraint imposed by the 
increasing notch angle.   

 
In all of the results discussed above, the start up case is taken with the 

notch angle γ =0 representing a pure crack case, which is the problem analyzed 
in previous works [10, 11, 12].  Comparing the results obtained here with the 
results in their work, we find that there is agreement between the solutions.   
Moreover, the solutions presented in this work for a wedge-shaped sharp notch 
serve as a generalization for the pure crack case for materials with pressure 
sensitivity. 

 
 

4. Conclusions 
 
In this paper, the effects of notch geometry and pressure sensitivity on notch-tip 
fields in pressure-sensitive materials were investigated.  Analytic expressions of 
the stress fields were presented with the notch angle dependence accounted for. 
This solution is a generalization for the pure crack case developed by earlier 
workers. 

 
The extent of centered fan sector at notch front is reduced, which gives an 

increase in the radial stress value around the notch.  As the pressure sensitivity 
increases, the reduction of the centered fan sector directly ahead of the notch tip 
is more evident.  Also, for high pressure sensitivity values, the introduction of 
notch angle reduces the variation of the stress levels. 
Closed-form notch-tip stress solutions obtained here are useful for design of 
structural components with similar geometry for materials that exhibit pressure 
dependent yield behavior. 
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Figure 6: Angular variation of normalized stresses for a sharp notch with  µ  =1.0 for notch angle 

values of γ = 0, π / 8 and π / 4. 
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    للموادالحادةحقول الإجهاد عند رؤوس الفلول 
 داخل المستويالإجهاد للضغط لحالة ة ذات الليونة الحساس

 
 
  لعبدالجبارعبدالحميد ا
   المملكة العربية السعودية-الكلية التقنية بالرياض

 
 

 حقول الإجهاد عند رؤوس إيجادتم يفي هذا البحث،  :المستخلص
التي يكون جهد (مواد ثابتة التمدد  لل) Vعلى شكل  (الحادةالفلول 

ذات  الليونة الحساسة ) التمدد فيها ثابتا بغض النظر عن مدى التمدد
ثنائي ( داخل المستوي  الإجهادللضغط، وذلك في حالة التحميل ذات 

براغر الرياضي للمواد ذات -تم استخدام معيار دركروقد ).  الأبعاد
وباستخدام قوانين الاتزان  .  المادةخضوعالحساسية لليونة لوصف 

تم اشتقاق التعبيرات الرياضية  والشروط الحدية ومعيار الخضوع
ويغطي البحث الارتفاع التدريجي في زاوية الفل من . لحقول الإجهاد

حالة الشق الأفقي البحت الذي تمت مقارنة نتائجه مع البحوث المنشورة 
 يقل ية الانفتاح في الفلتظهر النتائج أنَّه مع ازدياد مقدار زاو.  مسبقا

نطاق سريان الحقل المواجه لزاوية الفل خصوصا مع زيادة زاوية 
كما أنه عند .  الفل، بالرغم من ضعف تأثر القيم المطلقة للإجهادات

 الحالات العالية من الحساسية للضغط فإن الزيادة في زاوية الفل 
  .التفاوت في قيم الإجهاداتمقدار تضعف 


